Space-time curvature and
recession velocities

The distant galaxies are observed at an instant of
their past, when their world-line intersects the past
light cone of the observer at the instant of observation. Let us fix the coordinate χ = 0 to the observer,
then a signal which starts at a galaxy with the comoving (i.e. reduced for expansion) distance χ and is
observed at t = 0 is emitted at t given by
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The problem of interpretation of recession velocities reflects straightforwardly the curvature of spacetime. In a recent article it was claimed that this
problom would show that the General Relativity Theory had to and would overrule the Special Relativity
Theory [2, 3]. This must be corrected. It is shown
that the simplistic definition of the recession velocity
as change in distance on a space of constant cosmological time yields in fact a pseudo-euclidean angle
and that the simplest correct definition of the recession velocity fits perfectly with the SRT formula for
the Doppler effect.
The observation of structures in the transparent
(redshift less than 1000) universe usually does not require the explicit use of the curvature of space-time.
In addition, most of the evolution of stars, galaxies
and even large-scale structure can be studied with
pure newtonian gravity in an expanding space. This
is the reason why the curvature of space-time appears
to be a geometric attribute only. However, this produces a curious uncertainty in the interpretation of
the relation between redshift and recession velocity.
The model for a homogeneous and isotropic expansion is the metric

cdt
=χ
a[t]

(4)

t

The signal is redshifted by
a[tobservation ]
λobserved
=1+z =
λemitted
a[temission ]

(5)

How to contrast this formula with the Doppler effect
of some recession velocity vrecession ? From SRT, we
expect
r
c+v
.
(6)
1+z =
c−v

Here, the confusion begins. What is the recession
velocity? It has to be a relative velocity between observer and source. Increase in distance between source
and observer per increase in time, is this the relative velocity? Which distance, which time? When we
choose the distance on the space t =const= t0 , we
obtain velocites that exceed the speed of light [2, 3].
When we choose the length of the path of the light
signal, we obtain 1 + z = c/(c − v). Is SRT wrong,
overruled by some mysterious property of GRT?
We have to use SRT properly. Change in distance
by increase in time is not the relative velocity, SRT
ds2 = c2 dt2 −a2 [t]dχ2 +r2 [χ](dθ2 +sin2 [θ]dϕ2 ) . (1) speaks about. Relative velocity is a function of the
difference in the directions of two world-lines at the
When we consider motion to and from the freely choevent of their intersection. The expression in the forsen center χ = 0, it is restricted to a two-dimensional
mula for the Doppler shift (Bondi’s k factor [1]) is the
space-time with the line element
logarithm of the pseudoeuclidean angle. This pseudods2 = c2 dt2 − a2 [t]dχ2 .
(2) euclidean angle is best represented in the language of
projective geometry: The square of Bondi’s k factor
This is a curved space-time. Its geometry is com- is the cross ratio between the two directions of the
pletely analogous to that of a two-dimensional rota- world-lines under consideration and the directions of
tion figure in three-dimensional space. We can map it the light signals through the intersection event [4].
by a Mercator projection (cylindrical and conformal
What about directions of world-lines at distant
map) through use of the conformal time η which is events? We have to device a parallel transport of the
given by a[t]dη = cdt. The metric is now
directions to some common event. In a flat Minkowski
2
2
2
2
ds = a [η](dη − dχ ) .
(3) space-time, this is trivial and mostly not mentioned
at all. In a curved space-time (curved by gravitaIn a η − χ map, the lines χ =const represent world- tion) this is not trivial and needs consideration. In
lines without peculiar velocity, that is the world-lines a curved space-time, the parallel transport depends
of ideal galaxies. The lines which are linear in eta and on the path along the transport is perfomed. This
is the defining property of curvature. Hence, there is
χ are lines of fixed peculiar velocity.
1

no relative velocity of distant objects without prior
choice of transport paths.
For the metric (3), the (geodesic) transport equations for a vector [Aη , Aχ ] are obtained in the form
dAη +

d ln[a] η
(A dη + Aχ dχ) ,
dη

The general expression for the Doppler effect,
km [A]um
ωA
A
=
,
ωB
km [B]um
B

(12)

turns out to be the generalization of equation (6):
When we can suppose that km is the tangent to a
light-like geodesic world-line, so that with um
B transported to A, we obtain

(7)

d ln[a] χ
(A dη + Aη dχ) .
(8)
dη
km [A]um
ωA
A
Space-like vectors remain space-like, time-like ones
=
.
(13)
ωB
km [A]um
B [A]
time-like. Hence, the transport of the direction of
q
the world-line of an ideal galaxy will always produce
c+v
time-like directions. Any correctly constructed rela- For one spatial dimension, km um = c−v [1].
tive velocity is less than the speed of light, indepenSummary
dent of any distance of time lag. A time-like vector
1. GRT does not overrule SRT, it tells how SRT
and its transport equations can be written in the form has to be correctly applied in curved by gravitation
space-times.
U
[Aη , Aχ ] =
[cosh ψ, sinh ψ] ,
(9)
2. There is a simple definition of relative velocity
a[η]
which yields the usual relativistic Doppler formula.
3. There is no superluminal object through exd ln[a[η]]
dψ =
dχ , U = const .
(10) pansion in the universe. The universe itself has no
dη
expansion velocity, it has a rate of expansion only.
The quantity ψ is the pseudo-euclidean angle with the
world-lines of our ideal galaxies, and its hyperbolic
tangens is the relative velocity of these galaxies or References
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dAχ +

dη = dχ , dψ = d ln[a] , ψ = ln[

aobservation
] . (11)
aemission

With v = c tanh ψ, this is easily transformed into the
relation (6).
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